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Interferometric measurement of  
rotationally symmetric aspheric surfaces 

Michael F. Küchel 

Zygo Corporation, Laurel Brook Rd., Middlefield, CT 06455 

ABSTRACT 

The measurement of aspheric surfaces in a Fizeau interferometer implies a sometimes dramatic increase in dynamic 
range, in terms of acceptable slope and departure, which can run the risk of introducing substantial measurement errors.  
Common approaches to relaxing the dynamic range requirement include reducing the area of the surface measured in a 
single measurement and stitching together the partial results, or using compensation techniques with the help of addi-
tional components like null-lenses or computer generated holograms. This paper reviews these methods, with special 
attention to the questions of degrees of freedom for misalignment. These considerations lead to a proposed method that 
uses the inherent symmetry of the problem to scan along the optical axis, gathering measurements at zones of normal 
incidence. These measurements are independent from each other; their ensemble represents directly the surface-deviation 
in normal direction to the surface and the result is in the object coordinates of the design surface. Using an absolutely 
calibrated spherical reference surface, the result is absolute. It is shown that this is very different from the technique of 
stitching of zones, even when Intrinsic Coma is preserved through partially overlapping measurement regions. 

Keywords: Aspheric surfaces, interferometric measurement, absolute measurement, scanning, stitching, Fizeau interfe-
rometer, Computer Generated Hologram, retrace errors, distortion, error analysis. 
 

1. INTRODUCTION 
Aspheric optical surfaces have been well known for a long time, and the problem of their measurement is almost a clas-
sical one. The reasons for using aspheres instead of spheres are to reach the necessary performance already with a lower 
number of lenses, and in many cases, where size and weight are restricted, aspheres act as enablers for the system alto-
gether. 1,2 New, deterministic manufacturing methods, optics for consumer electronics, aerospace and defense applica-
tions as well as the revival of photography and cinematography through the development of digital sensors have led to a 
real breakthrough for the use of aspheres in optical systems. Today, one to three rotationally symmetric aspheric surfaces 
are used in nearly every new zoom lens that is released for digital SLR camera systems, the smaller lens-systems in point 
and shoot cameras as well as camera-phones contain aspheres, the pick-ups of DVD and blue-ray players are aspheric 
lenses, telescopes use aspheric mirrors and high-sophisticated lens-, mirror-, or catadioptric systems used for lithographic 
machines are not possible without a high percentage of aspheric surfaces. As mass production of molded lenses becomes 
more and more cost effective, and the difference in cost for a molded asphere compared to a sphere becomes relatively 
small, aspheric system solutions are becoming even cheaper. As a consequence, there is also a growing number of 
double sided, molded aspheres, which pose even higher demands on manufacturing and measurement.  

As a consequence, the measurement of the aspheric surfaces during production has become an important challenge in the 
field of testing of optical surfaces. The general requirements are a consequence of constrains that are posed by the market 
onto the manufacturing department, which can be described by 3 key-phrases: short time to market, stable quality, and 
cost down. Different methods have been proposed 3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18 or are in use for in-house production 
19,20,21,22,23,24,25,26,27,28,29,30,31 and some are developed to the point that they can be offered as a product. 
32,33,34,35,36,37,38,39,40,41,42,43 For the assessment of these developments, many different characteristics must be taken into 
account, like the completeness and evidence of a measurement result for the part under test, largest aspheric departure 
that can be measured, allowed amount of deviation from the design surface, the possible dimensions of the parts (diame-
ter, numerical aperture), measurement uncertainty and traceability of the result, and last but not least, spatial resolution. 
Other important factors to be considered are the cost for the measurement tool, ease of use, the time required for one 
complete measurement as well as touch time for the operator, the cost and lead-time for the tools to be manufactured 
before a measurement can be performed and requirements for space and temperature stability.  



 
 

 
 

In this paper, we will mainly explain one solution that Zygo has taken to measure aspheric surfaces, but also some alter-
native approaches. We do not try to do this with any depth in engineering details, but in contrast, restrict ourselves to 
deal with their basic characteristics and compare and contrast from the standpoint of good metrology. It is clear that even 
this attempt is somehow subjective and might be controversial, and we might not always have the necessary insight in 
some details that influence the strength of an approach. But there are a number of guidelines or "rules of thumb" that a 
metrologist might use when searching for a solution. Finally, with brute force attempts, nearly all is possible today, but 
the elegance is, when a solution is simple but profound. Another view would be that problem and solution fit perfectly. 
Such a fitting solution has most potential, i.e. it gives headroom for further improvements, which is then an engineering 
task. We try to examine the different methods from this point of view and want to encourage the reader to do the same.  

2. MEASURAND 
In order to be able to understand the difficulty of the problem or the elegance of an approach, it is useful to define the 
measurand, i.e. what we really want to measure and what is measured in this approach. These questions are not trivial, as 
we will see; it immediately uncovers the difficulty inherent in indirect methods that compare the principally unknown 
aspheric surface with a device, whose exact features (including alignments) are only known to a limited accuracy. As a 
rule of thumb: the more difficult it becomes to follow the chain of arguments, how the aspheric shape is tied to the mea-
surand through the mathematical evaluation of a single or a number of different measurements, the more suspect to all 
kinds of errors the method might also be in practice. An analogy may be stacks of kinematic mounts or parts that are 
produced elsewhere individually to specification but are highly suspect in combination.  

Despite a family of surfaces, where the asphere is on top of a plane (Schmitt-plate), it usually is on top of a sphere, or in 
other words, it is a relatively small deviation from a sphere with a certain radius of curvature, see Fig. 1. What should we 
measure: the shape of the aspheric surface with reference to a plane or the shape of the aspheric surface with reference to 
the fitting sphere? Let us take an example: if we assume a typical radius of curvature R = 50mm and a diameter D = 
65mm, the sag is s = 12mm. Compared to this, the maximal aspheric departure, which might be nmax = 0.12mm, is about 
100-times smaller. As the absolute uncertainty is the relative uncertainty multiplied with the magnitude of the measu-
rand, we should try to compare against a sphere. The relative uncertainty is more or less a consequence of the specific 
measurement technique, i.e. it is kind of a feature of this technique and difficult to be improved. So, either you work hard 
to improve the relative uncertainty, or be clever and reduce the magnitude of the measurand. This is the principle of 
"measurement by compensation," i.e. like the measurement of a resistance in a Wheatstone-bridge, and it is also the idea 
behind the null-compensators used in aspheric testing.  

 
Fig. 1. A spherical surface (dashed) with radius of curvature R and diameter D=2hmax and a sag s with a rotationally aspheric 

surface deviation (solid) on top of it together defines the real lens surface; aspheric deviation n=n(h).  

As a first guideline towards an elegant solution, we should try to measure in a direction normal to the surface, i.e. in a 
radial coordinate system rather than in Cartesian x,y,z coordinates. A coordinate measuring machine (CMM) approach is 
already unfavorable from this point of view, if we define as the measurand the aspheric departure from a given sphere 
and not the radius of curvature R as to be our measurand. But if we only measure the aspheric deviation n=n(h), then we 
have independently to measure R in addition, otherwise the measurement would not be complete or even wrong, as the 
function n=n(h) contains R implicitly as a parameter. Let us take another view on the problem: assume we compare the 
aspheric surface with the fitting sphere where the normal deviation n is a function of h, n=n(h). Then the absolute value 
of the gradient dn/dh is relatively small for all 0< h< hmax, i.e. the error ∆n made due to an error ∆h in the lateral coordi-
nate h is relatively small everywhere: 

∆݊ሺ݄ሻ ൌ ௗ௡ሺ௛ሻ
ௗ௛

ڄ ∆݄      (1) 



 
 

 
 

We see that dn/dh is zero when n(h) has an extreme value; i.e. the sensitivity of an error in n(h) due to an error in the 
lateral coordinate h is zero there. This is a very favorable condition which we certainly would like to extend over the 
whole surface, see our method, section 9. It derives from the fact, that the sphere and the asphere have locally mutual 
normals as both go through the center point of the sphere. The same is true for the apex of the rotationally symmetric 
asphere; it also has a common normal with the sphere. Assume, our reference sphere would be an optical test glass: then 
we would get wide fringes in those regions i.e. zero fringe frequency when dn/dh = 0.  

Now let us go one step back and describe the aspheric surface with cylinder coordinates z=z(h,θ), with the azimuthal 
position of a point on the surface being θ. Due to the rotational symmetry of the aspheric surface and the proper choice 
of the origin of the coordinate system, we see that ∂z(h,θ) / ∂θ = 0 for each value of h and θ. In other words: the difficulty 
of testing can be reduced dramatically, when clever use is made of the symmetry intrinsic to the problem. This symmetry 
is already used in the mathematical definition of the rotationally symmetric asphere, where the lateral coordinates 
x=hڄsin(θ), y=hڄcos(θ) are substituted by ݄ ൌ ඥݔଶ ൅  ଶ, see for instance Ref. [12] for a superior description or Ref.[14]ݕ
for the widely used formula for an asphere: 

ሺ݄ሻݖ ൌ ௖ڄ௛మ

ଵାඥଵିሺଵା௞ሻ௖మ௛మ
൅ ܽସ݄ସ ൅ ൅ڮ ܽ௡݄௡        (2a) 

defined for   െ݄௠௔௫ ൑ ݄ ൑ ݄௠௔௫ 

ܿ ൌ ଵ
ோబ

    (2b) with ܴ଴ ൌ
ඥሺଵା௭ᇲሺ଴ሻమሻయ

௭ᇲᇲሺ଴ሻ
  Radius of the apex sphere   (2c) 

ᇱሺ݄ሻݖ ൌ ௖ڄ௛
ඥଵିሺଵା௞ሻ௖మ௛మ

൅ 4ܽସ݄ଷ ൅ڮ൅ ݊ ڄ ܽ௡݄௡ିଵ       (2d) 

ᇱᇱሺ݄ሻݖ ൌ ௖
ሺଵିሺଵା௞ሻ௖మ௛మሻሺయ/మሻ

൅ 3 · 4 · ܽସ݄ଶ ൅ ൅ڮ ሺ݊ െ 1ሻ݊ · ܽ௡݄௡ିଶ       (2e) 

Following our discussion of dynamic range, we are now interested in expressing the aspheric departure q with reference 
to a sphere with a specific radius of curvature R=R0+w; here R0 is the radius of the apex sphere, see eq. (2c), and w is an 
additional value, that we might choose. See Fig. 2 for the derivation of the following equations. The value w can be cho-
sen to minimize the maximal absolute value of i or of q, or, as we will see at section 9, w=w(h) can be chosen as a func-
tion of h such, that i is zero for every h.    

 
Fig. 2. The center of curvature of a spherical surface (red) is located at a distance z=R0+w on the symmetry axis of the as-

phere (black). A point Q(h,z) on the aspheric surface has a distance R0+w-q from this center of curvature. The quantity 
q is therefore the distance difference between the apex and the point Q from the center of curvature. Note that q is not 
normal to the aspheric surface, but it is normal to the spherical surface; the angle between the normals is i. But i=0 for 
that value of w, for which డ௤

డ௛
ൌ 0, see section 9, our proposed method.       

ݍ ൌ ܴ଴ ൅ ݓ െ ඥሺܴ଴ ൅ ݓ െ ሻଶݖ ൅ ݄ଶ       (3a) 
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3. METHODS TO MEASURE ASPHERES 
3.1 Basic features of Fizeau Interferometry  

Fig. 3 shows a Fizeau Interferometer for testing flat surfaces, windows, convex and concave spherical surfaces and com-
plete lens systems. A key component is the so-called Transmission Sphere (TS), which is a lens system that converts an 
incoming plane wavefront into a spherical wavefront; the last surface of the last lens element in the TS is made concen-
tric to its focus point. Whereas all surfaces of all individual lens elements are carefully anti-reflection coated for the laser 
wavelength used for the test, this last surface remains uncoated, therefore reflecting back about 5% of the incoming light, 
and thus acting as the beam-splitter and the reference surface at the same time. The elegance of this Fizeau principle lies 
in the fact that no other components than the reference surface and the test surface are involved in establishing the optical 
path difference. This is called the interferometer cavity (shown red in Fig. 3), and by the laws of interference the optical 
thickness of the cavity is transformed into an intensity modulation of the interferogram. By methods of Phase-Shifting 
Interferometry (PSI), this intensity distribution which is gathered with a CCD detector of typically 1k x 1k pixels, can 
further be transformed in a phase-map, or using the wavelength in air of the laser light source as the scaling factor, res-
caled to a height map. As the test surface is imaged to the pixilated detector, each pixel is associated with a ray striking 
the spherical test surface in an x,y matrix-like raster, and the height map shows the deviations in lengths from a mean 
value of the rays between the two solid surfaces, the reference surface and the test surface. As the rays all go through the 
common focal point which is the center of both spheres, they are normal to both surfaces and therefore the lengths of the 
rays represents the distance properly.  

 
Fig. 3. Fizeau interferometer arrangement containing a mainframe with a HeNe-laser as light source, collimator, beam splitter cube, imaging 

optics (ocular), and CCD detector. An image of the light source is formed by the TS in its focal plane, acting as a point object for both, 
the reference surface and the test surface and both surfaces image this object in a stigmatic way into the system aperture located in the 
common focal plane of collimator and ocular in the mainframe. TS, collimator and ocular form the imaging train that images the test 
surface with high spatial resolution and only minimal distortion onto the flat detector plane.  

This condition is only fulfilled when the alignment of the cavity is perfect, but the real-time nature of the physical inter-
ference makes such a near perfect alignment possible. This ability to set-up the test geometry in such a nearly perfect 
manner is one of the keys to the superior precision of interferometry compared to mechanical methods.  

There are other features of the interferometric measurement that contribute to its superior status: these are the parallelism 
of measurement and the force-free assessment to the surface. As a consequence of both, there is an absence of any con-
cern about how to close the loop for the measurement force or the like, which is a very important question for a mechan-
ical probe. I want to explain this in a few more sentences: assume that during a series of interferometric measurements 
the wavelength of the light source would change unnoticed, let us say by 0.1%. This is about 5000-times more, than what 
could be expected using a HeNe-laser, but we use this excessively large value only to emphasize the argument. Now, as 
a consequence, the lengths l of all rays would simultaneously be measured wrong by an amount ∆l = 0.001ڄ  l, which 
might be as large as 100µm when the radius of curvature of the test surface as well as of the reference surface have been 
50mm. But assume, that the height map had shown a deviation of 100nm PV (peak to valley), then the value of the 
height map would also be changed by 0.1%, i.e. 0.1nm. This small value can easily be tolerated; but what a disaster, if 
we would have measured the lengths of the rays one by one: now the measurement error would exceed the measurand by 
a factor of 1000! 

Now let us go one step further and assume, the temperature in our measuring room would change by ∆ϑ=10ºC and our 
interferometer as well as part holder would be set-up on an optical air-supported table made of steel with a coefficient of 
thermal expansion of α=11.5E-6. The base-distance between supporting points would be 150mm, but if the additional 
50mm to the cavity length of 100mm would be made of the same steel as the table, this would be compensated. Then we 
would experience a length change of the cavity of ∆L = 11.5µm and this would lead to a small misalignment of the set-
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up, as now the ray at the center has a different length as the inclined rays at the edge. The mathematical dependency for 
the extra length ∆l in cavity thickness l is easily seen to be: 

 ∆݈ሺߙሻ ൌ ܮ∆ ڄ ሺ1 െ ݏ݋ܿ    ሻߙ           ሺ4aሻ 

and with       sin ߙ ൌ ௛
ோ
;   cos ߙ ൌ ට1 െ ௛మ

ோమ
    we get: 

  ∆݈ሺ݄ሻ ൌ ܮ∆ · ቆ1 െ ට1 െ ௛మ

ோమ
ቇ              ሺ4bሻ 

where R is the radius of curvature of the test surface and h is the height on the test surface (distance from the center of 
the surface). This function in eq. (4b) is added to the measured height map due to the axial misalignment of the cavity; as 
it will show up in the interferogram as a pattern of concentric Haidinger fringes we can easily readjust the cavity prior to 
another measurement and get the same result for the height map as before the temperature change. But as we could easily 
calculate this very specific shape, this gives us the possibility for mathematical correction too. As the visual alignment 
has limited precision to about λ/10 or 60nm, and the phase-measurement of the height-map is at least 100-times more 
precise, it is in any case necessary to subtract the response functions to misalignments from the final result. This is done 
by a fit of the shape described by the right hand side bracket in (4b) to the measured height map, using ∆L as a free pa-
rameter which is determined by the fit. Again, the inherent parallelism has made us insensitive to temperature changes. 
But this Gedanken experiment has taught us two additional very important and general valid facts: 

1. We lose the ability to measure a surface parameter (here the radius of curvature) when we use this parameter to 
reduce the dynamic range of the problem. 

2. We are blind to all such shapes (modes) of the surface that are response functions of degrees of freedom in 
alignment. 

This second statement might be formulated too general, i.e. is much too pessimistic in cases where we test the whole 
surface (as one solid body) in one stroke. Then, in cases where the test wavefront is matched to the shape of the test 
surface, for instance in cases of null compensation, after proper mathematical removal of the misalignment by fitting the 
response functions to the measured result, finding the amount of misalignment to minimize the residuals and subtracting 
the misalignment effect, it can be deduced that all parallel surfaces to our surface under test would give the same mea-
surement result. So we arrange that the solid body is mathematically moved in space until the measured deviation from 
design shape is minimized.  In our case of measuring a sphere in a spherical test set-up, we have initially 3 such degrees 
of freedom, shifts in x,y,z, but then can reduce them to zero, when subtracting the response functions for x,y,z-
misalignments, however a parallel surface (sphere with a different radius) would give the same measurement result. But 
this luxury being allowed to remove response functions is no longer given when the final result is composed of mea-
surements of sub-results that are gained with different orientations of the test set-up (stitching). Now the final result 
needs their proper arrangement in space, i.e. needs a world coordinate system in addition to the coordinate system of the 
measurement instrument and the intrinsic coordinate system of the test part. If we measure a rotationally symmetric 
asphere at a subaperture that is not positioned symmetric to the symmetry axis of the surface, we have 6 such degrees of 
freedom for alignment at every subaperture. As a solid body movement of the subaperture of the part cannot be per-
formed independent from all the other subapertures, a reduction of degrees of freedom is not possible. When 100 such 
subaperture measurements are needed to cover the surface, we have in total 600 degrees of freedom that will influence 
the final result.  

Using a computer generated hologram for complete or partial compensation of aspheric departure in the wavefront, we 
have 5 degrees of freedom from the asphere, and additional 5 or 6 degrees from the hologram; some of them might have 
very similar response functions, so that they may be counted only once, but that makes the alignment task even more 
difficult. In Refs.[3,44] seven (essential) degrees of freedom have been found for alignment of asphere and hologram. 
Every degree of freedom produces a characteristic response function that is added to the measurement result, and it is not 
obvious how to differentiate between some contribution to the surface shape that can be represented by this response 
function and the identical consequence for misalignment. The fitting of a given function r(x,y) to another function z(x,y) 
is not a commonly used procedure, and therefore might look unfamiliar at a first glance; a good part of the real surface 
shape could be reported wrongly when the number of response functions grow. Only degrees of freedom resulting from 
solid body movements of the test surface can be removed without harm (but a parallel surface might then be measured), 



 
 

 
 

but the metrological "stiffness" of a result can be greatly reduced if too many degrees of freedom for misalignment are 
allowed in total by the concept. It is especially complicated when multiple elements have to work together, like a multi-
element null lens, null lens and hologram or partial compensation with measurement of the residual. Most problematic is 
subaperture measurement with stitching, partial compensation by extra element and measurement of the residual. 27,3,44 

The price that must be paid for the extremely high accuracy of a null measurement in a Fizeau is that we have to measure 
this radius of curvature in addition, and this is done with a radius bench as shown in Fig. 4. The distance measuring inter-
ferometers (DMI) are arranged symmetrical to the optical axis and parallel to the shift direction so that there is no metal 
in the loop and therefore thermal effects are minimized.  

 
Fig. 4. For measurement of the radius of curvature R of the test surface, two measurements are needed that give an auto-collimation condi-

tion i.e. the image of the light source in the focus point of the TS is imaged by the test surface from its center of curvature in the upper 
drawing and from its vertex in the lower drawing (cat's eye arrangement). The distance that the test surface has to be shifted is the ra-
dius R and it is measured with two distance measuring interferometers; the mean value of their readings shows the correct result even 
when the test surface was not shifted parallel.    

4. HIGH DYNAMIC RANGE FIZEAU INTERFEROMETRY (HDRFI) 
From the previous discussions it is clear, that by adapting the probing wavefront to the radius of curvature of the aspheric 
wavefront, we can reduce the measurand to be the aspheric deviation n in normal direction. Only this strong reduction 
makes it possible, to start thinking to use an interferometer to measure the surface. We will show which difficulties have 
to be managed in this attempt of high dynamic range interferometric measurements; see also Refs.[27,47,58,59].  

Due to the fact, that the rays that all come from the image of the light source (see Fig. 3) do not strike the aspheric sur-
face in normal direction, they are not reflected back into themselves, creating retrace errors. In other words, the local 
normal of the aspheric surface and the incidence direction of the rays include the angle i, so the angle between incident 
and reflected ray is 2i and the rays cross the optical axis along a line called Caustic; this is the longitudinal aberration of 
the reflected wavefront, now being aspheric. The best image point of the light source is now found at a position of the 
circle of least confusion, which defines the minimal lateral ray aberration of the reflected wavefront; its image has to 
pass the system aperture in the mainframe, otherwise some zones on the test part are not visible on the detector. The 
interferogram is shown right in Fig. 5. We see circular fringes with different densities. There is one zone, where the 
radial fringe frequency becomes a minimum; at the very center of the broad ring, it is even zero; the radius hzone of this 
zone depends on the z-adjustment of the aspheric surface. We find zero fringe frequency again in the center of the part.  

         
Fig. 5. A mild aspheric surface probed with a spherical wavefront generates an aberrated, aspheric wavefront that leads to 

high radial fringe frequencies in the interferogram. Optimal adjustment is achieved, when the maximal fringe frequency 
is minimized; this is the case when the positive and negative gradients have equal magnitude. Shifting the aspheric sur-
face in z-direction changes the radius of the reference sphere for the aspheric departure.   
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The direct measurement is applicable to mild aspheric surfaces, and we will now first discuss the limits for the aspheric 
departure and then the main error influences. To simplify our lives and be more specific, we start with an assumption: we 
assume that the aspheric departure is from a sphere and can be sufficiently described by a term a4h4. This is the lowest 
order asphere and therefore the easiest to be tested. If we would add higher order terms, a6h6 or higher, nothing would 
change in principle, but the max. aspheric departure, which can be tested, would be lower than calculated here. Now we 
assume, that we use the quadratic term a2h2, which can be changed by the z-adjustment of the test surface, i.e. by the 
thickness of the cavity, to minimize the slope for a given aspheric departure zmax, see Fig. 6.  

 
 Fig. 6. Blue: the aspheric departure with the optimal balance of a2 and a4, see text. Red: for this optimal aspheric shape the 

slopes at hmax and hmax/2 are equal in magnitude but have opposite signs. For details see text. 

The calculation gives: 

ݖ ൌ ܽଶ݄ଶ ൅ ܽସ݄ସ; ݏ             ൌ
ௗ௭
ௗ௛
ൌ 2ܽଶ݄ ൅ 4ܽସ݄ଷ;             

ௗమ௭
ௗ௛మ

ൌ 2ܽଶ ൅ 12ܽସ݄ଶ     (5) 

and with the conditions  2ܽଶ݄௠௔௫ ൅ 4ܽସ݄௠௔௫
ଷ ൌ െݏ௠௔௫; 2ܽଶ݄଴ ൅ 4ܽସ݄଴

ଷ ൌ ௠௔௫; 2ܽଶݏ ൅ 12ܽସ݄଴
ଶ=0; 2ܽଶ݄ଵ ൅

4ܽସ݄ଵ
ଷ ൌ 0 ; ܽଶ݄ଵ

ଶ ൅ ܽସ݄ଵ
ସ ൌ  ௠௔௫ ; we can calculate h0 and h1 as well as the values for the coefficients a2 and a4 as aݖ

function of hmax and zmax.  

We get:     ݄଴ ൌ
ଵ
ଶ
݄௠௔௫  ;    ݄ଵ ൌ

√ଷ
ଶ
݄௠௔௫       (6a) 

ܽଶ ൌ
଼௭೘ೌೣ
ଷ௛೘ೌೣ

మ  ;    ܽସ ൌ െ ଵ଺௭೘ೌೣ
ଽ௛೘ೌೣ

ర        (6b) 

௠௔௫ݏ ൌ
ଵ଺௭೘ೌೣ
ଽ௛೘ೌೣ

            (7) 

Taking also into account the detector resolution of the mainframe and the magnification, we simplify our model and only 
look at the point at the surface with the maximal slope smax. This could be as well investigated when testing an inclined 
plane surface, which makes the interferometer model somehow simpler. Fig. 7 shows such a strongly simplified model, 
where the chief ray in point P of the test surface is inclined with respect to the incoming ray by an angle α.  

With a number of m pixels across the part diameter of 2hmax we get an image of the pixel raster on the part surface with a 
raster constant of ∆h = 2hmax/m. The increase in surface height at the most critical part of the surface, where the slope is 



 
 

 
 

highest, is then  ∆ݖ ൌ ∆݄ ڄ ௠௔௫ݏ ൌ
ଶ௛೘ೌೣڄଵ଺௭೘ೌೣ

௠ڄଽ௛೘ೌೣ
ൌ ଷଶ

ଽ
௭೘ೌೣ
௠

 . The wavefront change ∆w is twice that value. For reliable 
unwrapping in phase-interferometry, one has to stay within the Nyquist criterion; this tells us that the maximal wave-
front-change ∆w between 2 pixels should be smaller than λ/2, to be able to decide on the sign of the change. As on a 
pixilated detector conditions of relative position of fringes to pixels could be unfavorable, and measurement noise and 
roughness of the surface has to be taken into account in addition, this more theoretical limit is replaced in practice by the 
condition ∆w≤λ/4. With this condition, that gives us headroom for the roughness and waviness of the part we now can 
calculate the largest aspheric deviation that can be measured with an interferometer using m pixels: 

ݓ∆ ൌ ଺ସ
ଽ
௭೘ೌೣ
௠

൑ λ
ସ
௠௔௫ݖ  ;  ൌ

ଽ
ଶହ଺

ڄ ݉ ڄ λ       (8) 

Assume m=1000, λ=0.633µm, we get zmax=22.5µm; this is a mild (i.e. week) aspheric surface, as stated before. At the 
interferogram we can count 2 ଽ଴଴଴

ଶହ଺
ൌ 70.3125 fringes between the center and the zone. If you see interferograms meas-

ured with less number of fringes, you know, the aspheric surface was even milder. It is interesting to calculate the value 
for the aspheric coefficient a4, this is 

 |ܽସ| ൌ
ଵ଺௭೘ೌೣ
ଽ௛೘ೌೣ

ర ൌ
଴.଴ସ௠௠
௛೘ೌೣ

ర .        (9) 

This value can be used as a guideline for a measurable asphere using the dynamic range of a Fizeau interferometer with 
1k x 1k detector.  

 
Fig. 7. Simplified interferometer model; the imaging trains consist of two optical systems: the collimator lens and the ocular 

lens, building a Keplerian telescope. The detector is positioned such, that the flat test surface is imaged onto the flat 
CCD detector surface. The chief-ray imaging point P on the test surface (red, dashed) and the chief-ray imaging the as-
sociated point R on the reference surface (blue, dashed) include an angle α before the collimator lens and an angle α/β 
after the ocular; β is the lateral magnification given by the ratio of the image size (detector diameter Ød) to the object 
size (part diameter = 2hmax). Note: the chief ray has to pass the system's aperture (stop with coordinate system x2,y2).  

 



 
 

 
 

 

   
Fig. 8a, 8b, 8c: Interferograms for the example calculated before, i.e. an aspheric departure of zmax=22.5µm and 70.3 fringes 

between center and zone. Fig. 8a: detector with 1k x 1k pixels (0.5-times Nyquist) and a pixel fill-factor of 1 for x- as 
well as y-direction; fringe modulation is more than sufficient for phase-measurement. Fig. 8b: detector of 250 x 250 
pixels (2-times Nyquist), fill-factor of 1; modulation goes through zero, phase reversal. Fig. 8c: detector of 250 x 250 
pixel (2-times Nyquist), fill-factor of 0.1 Sensitivity of detector decreased by a factor of 100, roughness of the surface 
could alias to shape errors.  

We have calculated the maximal aspheric departure for an example of a 1k x 1k detector, using 4 pixels per fringe pe-
riod, i.e. 0.5 Nyquist limit. If a detector with a pixel fill-factor of 1 is used, this leads to a reduction of fringe-modulation 
by a factor of 0.9, which is acceptable. When instead a detector with only 250 x 250 pixels is used for the same interfe-
rogram, two things change: having pixels which are 4-times larger relative to the fringes, the fringe modulation goes to 
zero, see Fig. 8b. At the same time, the high frequency components in this signal are low-pass filtered by the large pixels, 
so aliasing caused by the larger spacing is reduced. To avoid the loss of the signal in the high frequency band, the pixels 
are made smaller, for example a fill-factor of 1/4 is used, bringing them back to the same size as before, so also the same 
modulation of the signal is retained as before, see Fig. 8c. But now we have sparse sampling of a signal that contains 2-
times higher frequency components as can be captured due to the sample theorem, i.e. these higher frequency compo-
nents are aliased down into the frequency band of the signal that can be represented by this sampling. If we take a simple 
geometrical model how the interference fringes are built, they can be thought of interference between smooth, inclined 
surfaces. In the so-called sub-Nyquist interferometry,32,46 the a-priori assumption is made, that the optical surface as well 
as its first derivative are continuous; then phase-unwrapping can be performed using extrapolation. But signal theory 
tells, that every spatial frequency component that is in the frequency band between 0.5 Nyquist and 2 Nyquist will now 
creep in the result as an error component. Thinking in terms of the images of the pixels on the part surface, these are 
spatial wavelengths Λ that are larger than 2-times the lateral pixel size and smaller than 2-times the pixels spacing. Espe-
cially aspheric surfaces tend to have a ripple structure as a typical error; this combined with a higher roughness than in 
spherical surfaces is a result of the different conditions of mutual contact (size and pressure in the contact area) between 
part and tool during polishing. Nowadays detectors up to 4k x 4k are readily available, and detectors with an extra small 
fill factor are custom made devices, so to me the use of sub-Nyquist techniques seems no longer a preferable alternative 
to manage high fringe densities. I see the limits set by error sources discussed in the next chapters much more critical 
than detector resolution. To sum up: a detector with 500 x 500 pixels and 4-times sub-Nyquist with a (linear) pixel fill-
factor of 1/8 is equivalent to a detector of 4k x 4k in the conservative case of 0.5 Nyquist. Following our example calcu-
lation, they both could measure surfaces with an aspheric departure of 89.6µm from the best fitting sphere. All error 
sources, that are calculated as examples in the following chapters must be multiplied with a factor of 4 if this would be 
the goal, in the case of errors by defocus which scale quadratic with slope, even by a factor of 16.  



 
 

 
 

4.1 Setting the cavity thickness correctly  

There are not many cases so far, that an aspheric surface is directly measured against a spherical surface, as this alone is 
a complete solution only for small aspheric departures. 36  When used together with sub-Nyquist techniques, 43 the range 
of aspheric departure could possibly be increased but at the expense of potentially higher errors, since they scale at least 
linearly with the dynamic range inherent in the measurement. But also subaperture stitching measures the subapertures 
against a spherical reference, so this as well falls in this category. In addition, in all cases where the aspheric departure is 
only compensated partially, the uncompensated remainder is such an aspheric term in the wavefront to be measured, as 
we will discuss here. In the latter case, it is typically of much higher order 27 and much more challenging than our exam-
ple calculation for an aspheric departure with a4h4.  

Most essential for such measurements is, to precisely know the radius of curvature of the (virtual) reference sphere, 
against which the asphere is measured. This becomes obvious when looking at Fig. 2 and eq. (3a). For a point Q(x,y) on 
the aspheric surface, the measured height map is given by eq. (3a), where zero height is assigned to the apex of the 
phase-map. This equation is dependent on w, which is a quantity used for optimizing the fringe density, i.e. the wave-
front slope i. If w contains an error ∆w, one get a characteristic error in the measured height map according to (3c):  

ሺ݄ሻݍ∆ ൌ డ௤ሺ௛ሻ
డ௪

· ݓ∆ ൌ ൬1 െ ோబା௪ି௭ሺ௛ሻ
ඥሺோబା௪ି௭ሺ௛ሻሻమା௛మ

൰ ·  (10a)        ݓ∆

Inserting (2a) into (10a) and performing a series expansion in h2 up to h6 gives the following polynomial: 
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ଵ଺ோబయሺோబା௪ሻల
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଼ሺோబା௪ሻయோబయ
൅ ௔ర

ሺோబା௪ሻయ
ቁ ݄଺ ൅ ڮ ቃ ·  (10b)     ݓ∆

This error function is dependent on w as a parameter, and scales with ∆w. There is no way, to mathematically judge, 
whether this characteristic function stems from an error in the manufactured surface or from an axial misalignment of the 
set-up by ∆w. In Ref. [36] the optimal alignment is found by minimizing the residual between design and measurement, 
i.e. the method is intentionally blind to the type of response-function as given in (10). In Ref.[43] no comment is made 
about the correct set-up and the consequences for the measured aspheric shape if w is taken wrong, which, as can be seen 
from (10b), does not only contain a "power" term with h2. 

The problem could be solved by measuring the apex distance of the aspheric test surface from the center of curvature of 
the reference surface. This could be done with the cat's eye measurement shown in Fig. 4 in the lower figure; then the 
test surface is shifted in the radius bench by R0+w which is calculated beforehand as the optimal position for minimizing 
the maximal wavefront slope. A calculation according to eq. (10b) is done during the establishment of the error budget to 
calculate the specific contribution of an error ∆w to the uncertainty.  
 

4.2 Magnification and distortion in the imaging leg 

We always have to solve the task, to associate the coordinate system of the measurement device with that of the design 
surface: this is a problem of matching two surfaces together, the design surface zd(xd,yd) and the measured surface 
zm(xm,ym). Rigid body movements (alignment) have been discussed; now we look at already centered coordinate systems. 
Looking at Fig. 8 and the associated Fig. 6, we see that the highest fringe density occurs at the max radius hmax and at 
half the maximal radius, at hmax/2. When the imaging train, consisting of the TS lens, the collimator lens and the ocular 
lens produces radial distortion of the image, then the fringes are dislocated and therefore the wavefront has a different 
height value at this point. Notice: when a nulled interferogram is measured, the wavefront slope is approximately zero 
everywhere and magnification as well as distortion can do no harm.    

From eq. (7), ݏ௠௔௫ ൌ
ଵ଺௭೘ೌೣ
ଽ௛೘ೌೣ

 , we calculate for the error ∆z in the measured height due to an error ∆h in the location 
where we measure: 

௠௔௫ݖ∆ ൌ ௠௔௫ݏ ڄ ∆݄ ൌ
ଵ଺௭೘ೌೣ
ଽ௛೘ೌೣ

ڄ ∆݄         (11)  

Let us assume 1% distortion, i.e. ∆௛
௛೘ೌೣ

ൌ 0.01 (this can be a small number, taking into account the complicated design of 
a TS with high NA), then we get: 
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This is about 1.78% of the maximal PV departure of the surface, which is by no means negligible. For our example of 
Fig. 8 with zmax = 22.5µm, we would get a measured height error of 400nm. As the distortion can easily be >1.5%, this 
measured surface height error could be larger than 1λ.  

I have not discussed here, how such a distortion function can mathematically be described by a certain polynomial enabl-
ing the calculation of error propagation when an aspheric departure from the basic sphere is measured; the reader might 
do this exercise. But it is obvious, that the first requirement for evaluating the measured wavefront and associating this 
with the part under test is the precise knowledge of the imaging magnification M, which we define by: 

൫݄௣௜௫൯ܯ ൌ
௛೛೔ೣ
ୱ୧୬ఈ

ൌ ଴ܣ ൅ ଶܣ · ݄௣௜௫
ଶ ൅ ସܣ · ݄௣௜௫

ସ      (13a) 

ሺsinܯ ሻߙ ൌ
௛೛೔ೣ
ୱ୧୬ఈ

ൌ ଴ܤ ൅ ଶܤ · ሺsin ሻଶߙ ൅ ସܤ · ሺsin  ሻସ     (13b)ߙ

In these definitions of magnification M  the distortion is included and we use one of the two forms, either if the aperture 
angle sinα in object space is given and we want to calculate the associated height of the image in units of fractions of 
pixels (i.e. hpix), or when the image height is given and we look for the associated numerical aperture. Note that 

݄ ൌ ሺܴ଴ ൅ ሻݓ sin  (14)          ߙ

I think that the reader can see that precise knowledge of magnification and distortion are important and must be carefully 
taken care of, when this technique of direct measurement of an aspheric surface is envisioned. The only way to do this 
reliably is to measure the magnification and distortion [57], which is another topic and shall not be discussed here. Using 
design values to calculate distortion does not take into account tolerances in the as-built system and actual set-up. It 
should be noted, that in the general (as-built) case, magnification and distortion is no longer a one-dimensional function 
of ݄௣௜௫ or sin  ௣௜௫ and associatedݕ ௣௜௫ andݔ only, but depends in addition on the azimuth θ, or should be expressed in ߙ
dimensionless coordinates in object space. 

 

4.3 Retrace errors  

Retrace errors are another error source in Fizeau interferometry, when it is applied to a high dynamic measurement. 
Retrace error compensation has been published in Ref. [45] using Zernike functions for the description and compensa-
tion of the errors. Practically, they cannot be easily differentiated from distortion errors, which further complicate things. 
We come back to Fig. 7 to explain their origins using ray-optics. As we can see, point P' on the detector is an image of 
point P on the test surface. In an ideal optical system, all rays from object point to image point have equal optical path 
lengths; the deviation from this condition in real optical systems is called the wavefront aberration. For a given field 
coordinate of point P(x1,y1), it can be characterized by the aperture coordinates (x2,y2) that the chief ray emerging from 
P(x1,y1) has. These aperture coordinates are proportional with the local surface slope డ௭ሺ௫భ,௬భሻ

డ௫
 and డ௭ሺ௫భ,௬భሻ

డ௬
 of the surface 

point, and when x1,y1 change, the slope changes and the aberrations change as a consequence. Therefore retrace errors 
can be defined as an extra OPD that is not caused by the surface height z(x,y) but by the surface gradient ݖ׏ሺݔ,  ሻ. Thisݕ
part of retrace errors could be found by ray-tracing, if the geometry would be known precisely. There is another part of 
the problem, which stems from the imperfect alignment of the components and from all individual lens surfaces and 
inhomogeneity of material used to manufacture the interferometer. As long as reference ray and object ray are strictly 
superimposed, there is no chance for an optical path difference to be introduced between them, even when the parts 
would be of very low optical quality; but the larger the shear between the rays, the larger the introduced OPD. This 
second function is of mid- to high-spatial frequency in nature, i.e. it cannot be described by aberration polynomials. It 
acts essentially as a coherent noise floor that is added to the measurement in regions of high wavefront slope. The effect 
is mitigated by the ring-source in Zygo's interferometers [41,54], but not completely eliminated.       

It is important to notice, that the retrace errors are a function that depends on 4 variables, x1,y1,x2,y2, see Fig. 7. The 
largest part of the retrace error stems from the TS lens, as these lenses are high NA and therefore cannot be corrected for 
object field perfectly at the same time. But unfortunately, the amount of aberration is also strongly dependent on the 
radius of curvature of the test surface, as this influences the actual bundle diameters in the TS at every surface. Taking 
the ratio ߩ ൌ ோೃ

ோ೅ 
 of the radii of curvature of the reference surface to the test surface as another parameter, we have a 

function of 5 independent variables:  



 
 

 
 

∆ൌ ∆ሺݔଵ, ,ଵݕ ,ଶݔ ,ଶݕ  ሻ       (15a)ߩ

∆ൌ ∆ሺݔଷ, ,ଷݕ ,ଶݔ ,ଶݕ  ሻ       (15b)ߩ

To measure this function, we have only access to the image, which has the coordinates x3,y3; therefore, we replace (15a) 
by (15b). Practically, different lateral shifts of different spherical test surfaces have to be combined for the evaluation of 
this function. It is in particular not sufficient to use a spherical surface and shift this along the optical axis and measure 
the effect of the increasingly introduced spherical aberration. In this case, the fringe density is increased in a very specif-
ic fashion characterized by the Fresnel law, i.e. the coordinates are not varied independently. If this simplified technique 
is used to generate a correction function for an aspheric test as described in [43], the result is flawed.  

Measurements have shown that the retrace errors, if remain uncorrected, easily can reach 0.5µm surface error, when a TS 
with F/ 0.75 or higher NA is used, even when the tilt is restricted to 0.5 Nyquist and ρ<2. They scale very much with ρ; 
the general advice is, to adapt the radius of the TS to that of the test part as close as possible; reasonable results are still 
obtained for 1 ൑ ߩ ൑ 5, for  ߩ ൐ 10 the errors become excessive.  

In order not to extend the length of the manuscript too much, we want to restrict our considerations of retrace errors here 
to what was said, but we want to emphasize, that this is an important source of errors and one of the many restrictions for 
the use of Fizeau interferometry in all cases, where high fringe density is involved. This is not only true in the applica-
tion discussed here, but especially when stitching subapertures of aspheric surfaces in a general manner. Here the prob-
lem is especially difficult, since every interferogram shows a fringe pattern with different orientation and fringe density 
in different areas and rotational symmetry no longer exists. If not carefully corrected, the result in every subaperture is 
altered differently by retrace errors and these many errors are not only linearly propagated, but due to the principle of 
stitching with the help of overlapping areas, are amplified. 

 

4.4 Residual focus error when imaging the test surface onto the detector  

A non-perfect imaging of the curved test surface onto the flat detector surface is the most troublesome error source in 
high-dynamic range interferometry. Defocus is another aberration of the imaging leg like the others, but it is dominant 
and it cannot be made zero. The reason is that when the flat detector (image plane) is imaged back into the object space, 
where the test surface is located, in the best case it will match partially with the shape of the test surface. Ignoring the 
aspheric deviation (which is small compared to the spherical shape of the test part, see Fig. 1), the ideal case would be, 
that the detector image in object space would be curved just the same way, as the object surface is curved; then no defo-
cus would occur. This should be true for all different test radii, and also for concave as well as convex surfaces, that all 
can be tested using the same TS. Unfortunately by first principles such a design of a mainframe and TS is not possible. 
The best what can be done is to design the imaging train such, that the flat detector surface is imaged into a flat image; 
generally, this ideal condition will not be reached. Now this flat image can be shifted (by shifting the detector) to inter-
sect with the surface to be tested. The best focus setting is achieved when the intersection is halfway between the regions 
with highest slope, and this is at 0.75hmax, see Fig. 6. In practice, there are no means to set the focus precisely to that 
space. Now let us discuss what the quantitative consequence of an error in the focus setting is. We will see that this error 
scales linearly with the amount of defocus, but quadratically with the surface slope. 

Fig. 9 shows the situation on two different parts of the same detector. At the left hand side we see an enlarged portion of 
the detector, where the rays from the reference surface (black) and the rays from the test surface (red) are parallel, i.e. the 
surfaces have been parallel too, and when the rays interfere, there will be a region of wide interference fringes. The 
measured phase-difference does not change in this region from one pixel to the next. It might be the region at h=0 or at 
h=h1 in Fig. 6 and Fig. 8. If we slowly shift the detector by an amount ∆z', i.e. change the focus setting, the measured 
phase-difference will not change at these regions and no fringes are there to move right or left; this is characteristic for a 
nulled interferogram, that the phase-result is insensitive to defocus. Now we compare the situation at the right hand side: 
here we have the image of a part of the test surface, which shows a high slope with respect to the reference surface, for 
instance the portion of the wavefront with h=h0 or h=hmax, shown in Fig. 6 or Fig. 8. Notice, that the slope in h0 is posi-
tive but the slope in hmax is negative, so the angle that the red arrows built with respect to the black arrows will have 
different signs too. Assume that the slope is such, that the OPD between neighboring pixels is ∆w. Now see again, what 
happens, when the detector is slowly shifted by the amount ∆z' shown in the figure to the position of the dashed line: we 
also would change the interference OPD by ∆w, but only in the regions of high slope, i.e. the fringes would move here. 
In regions of zero slope no fringe movement, i.e. the original path-difference (i.e. interference phase) would be still there. 



 
 

 
 

As a consequence, phase-values are altered with a speed proportional to the slope including the sign, and the measured 
surface shape changes dramatically, but the measured PV value is kept fixed.  

I have made this experiment to measure a mild aspheric part twice and changed the focus of the mainframe in between 
by a non-controlled, but considerable amount. The difference in the measured OPD showed a PV value of 14µm! This 
occurred at the parts of the surface with highest slopes. 

   
Fig. 9a, 9b, 9c, 9d: Schematic sketch to explain OPD errors introduced by defocus in regions with no slope (9a) and high 

slope (9b) between test surface and reference surface. The pixel spacing is p and the OPD-change between neighboring 
pixels is ∆w in the regions of high slope. A shift of ∆z' of the detector changes the OPD by ∆w in regions of high slope 
but at regions of no slope, the OPD keeps unchanged. Fig: 9d: from similar triangles, we see that a defocus ∆d' in the 
image causes a wavefront error ε.  

In interferometry, the depth information in the wavefront, for instance zmax, is preserved from object to image, the lateral 
dimensions of the test surface are scaled with the magnification β, axial dimensions of the test surface with the square of 
the magnification, β2. When the wavefront slope is defined as wavefront-increase per pixels, we calculate:  

sin ߙ ൌ ∆௪
௣

       (16a) 

From Fig. 9d we see that a defocus ∆d' at the detector causes a wavefront error ε that is calculated as:  

ߝ ൌ ∆݀ᇱ · sin ߙ · tanߙ ൌ∆݀ᇱ · ୱ୧୬మ ఈ
ඥଵିୱ୧୬మ ఈ

    (16b) 

For small values of sinα this is:              ߝ ≈  ∆݀ᇱ · sinଶ ߙ ൌ ∆݀ᇱ · ቀ∆௪
௣
ቁ
ଶ
                      (16c) 

Expressed with the equivalent change of the focus position ∆d in object space gives: 

ଶߚ  ≈ ߝ · ∆݀ · ቀ∆௪
௣
ቁ
ଶ
        (16d) 

The amount of defocus ∆d in object space that keeps the associated measurement error smaller than ε is given by: 

∆݀ ൑ ఌ
ఉమ
· ଵ

ቀ∆ೢ೛ ቁ
మ          (16e) 

Let us take an example: for a pixel spacing of p=7.4µm and our maximum allowed wavefront slope of 0.5 Nyquist, 
ݓ∆ ൌ ఒ

ସ
ൌ 0.158μm as well as a test surface of diameter D=65mm and 1k x 1k detector, we get ߚ ൌ ଵ଴଴଴·௣

଺ହ௠௠
ൌ ଻.ସ

଺ହ
, and 

finally: 

∆݀ ൑ 0.169 · 10଺ ·  (16f)  (for max. slope defined by 0.5 Nyquist)      ߝ

Now let us assume that we are so ambitious to use the same detector with 4-times Nyquist, i.e.  ∆ݓ ൌ 2λ ൌ 1.2656μm. 
Keeping all other things the same as before, we get: 

∆݀ ൑ 2.638 · 10ଷ ·  (16g)  (for max. slope defined by 4 Nyquist)      ߝ

If we restrict the max. allowed wavefront error by only this influence (there will be more from other error sources) to 
λ/10 which means λ/20 for the equivalent surface error, we get for the 0.5 Nyquist case ∆݀ ൑ 10.683݉݉  and for the 4 
Nyquist case ∆݀ ൑ 0.167݉݉. When we look at figure 1, we see that the sag s of the part is 12mm, i.e. with setting the 
focus at the optimal position, we just could stay within the limit for the 0.5 Nyquist case; for the 4-times Nyquist case, 



 
 

 
 

there is no chance to fulfill the requirement. In other words: the measured shape of the surface will be altered much more 
than allowed. This is a result of the quadratic dependence of this error from the wavefront slope at the detector. 

We will see later, that null-correctors are used to measure aspheric departures as large as 1mm; in this case, the chief 
rays from test part as well as reference surface falling onto the detector are made parallel, so a shift of the detector influ-
ences the blur-spot and also the appearance of mid-and high spatial frequency features, but not the measured shape.   

5. ZONAL STITCHING USING THE SYMMETRY 
Looking at Fig. 5, we see that the optical path difference in the cavity is changed in a different manner for different zones 
of the test surface, when the surface is shifted along its symmetry axis; this can also be seen by looking at Fig. 2, as q 
depends on w. The zone with broad interference fringes will always occur when the rays strike the aspheric surface in 
normal direction. This is the case, when the center of the spherical reference surface coincides with the point, where the 
normal of the aspheric surface strikes the symmetry axis, see Fig. 10.  

     
Fig. 10: The normals to an aspheric surface strike the optical axis along a certain line; when the center of the spherical refer-

ence surface is placed at a certain point on this symmetry axis, the geometrical distance-change to the asphere as a 
function of h becomes twofold zero, i.e. a zone with broad interference fringes appears there.  

Now, when the w-distance is changed in small steps, an ensemble of zones can be measured, where every zone shows in 
the ideal, error free case the deviation q(h) of the aspheric surface from a sphere with the radius (R0+w) as given in (3a). 
Subtracting the theoretical deviation as given in (3a) would lead to the remainder, which is the deviation of the measured 
surface from its theoretical value in (almost) normal direction, if only the broad part of the zone is used. But this tech-
nique requires that w is measured carefully, otherwise the design value for the measurement is not well defined.     

ݍ ൌ ܴ଴ ൅ ݓ െ ඥሺܴ଴ ൅ ݓ െ ሻଶݖ ൅ ݄ଶ       (3a) 

From the right hand side of Fig. 10 one can see that the zones become smaller at the larger diameters. This depends on 
the special asphere as will be explained later, but is often the case; so the measurements are chosen more densely there.  

Now, there have been several attempts to use this nice feature that the measurable part can be shifted over the surface for 
a metrology on the asphere.4,6,15,16,17,21 All these techniques use stitching to combine the results of the individual zonal 
measurements. As the authors do not base the analysis of the residual errors on the measurement of w, but instead use the 
conditions derived from stitching to determine the first three degrees of freedom of annular zones (piston and 2 tilts) to 
make the surface continuous, the results must remain defective. In addition, the difficulty in stitching these interfero-
grams together might easily be underestimated: the magnification ܯ൫݄௣௜௫൯ ൌ

௛೛೔ೣ
ୱ୧୬ఈ

 as defined in eq. (13) is a function of 
the scan position w in addition, as this changes the aperture angle α to a point, see Fig. 11. Therefore also the lateral 
coordinate changes from one interferogram to the next, and a simple sewing together the partially overlapping phase-
maps must lead to severe errors in the final result, see Fig. 11. In addition, to handle the inherent difficulties, the authors 



 
 

 
 

used a fitting to annular Zernike polynomials as the substitute for their measured phase-maps, so that all higher spatial 
frequency information that especially is easily attained along each circle in the center of a zone was lost.  

R0+w1

 
Fig. 11: The same point Q(h,z) on an aspheric surface leads to different measured height deviations with respect to the apex, 

q1 and q2, when the scan position was changed from w1 to w2. But in addition, the point Q appears at different pixel lo-
cations, since the line of sight along the ray, has changed its (aperture) angle α with respect to the optical axis too.  

If we again count the degrees of freedom that are inherent in this measurement approach, in order to see to what the 
method is blind, we get three degrees (∆x, ∆y, ∆z) for every zone; if for example 12 zones are measured, we will count 
36 degrees in total. It might be possible to decrease this number for using the stitching to remove the consequences of 
∆x, ∆y, which are different amounts of tilt in every zone. But the real challenge in measuring rotationally symmetric 
aspheres is to measure their aspheric profile; this target is missed here, since the remaining 12 uncertainties in the z-
position allow nearly every shape of a profile to come out. An additional severe drawback of this approach is that the 
zones must be relatively broad to allow stitching. Therefore in the patent Ref.[21] a special device was installed in the 
interferometer illuminating beam to adapt the wavefront onto the shape of the annular zone, using as many devices as 
zones. From our considerations of degrees of freedom it is clear, that this again may have the unintended consequence of 
increasing the uncertainty of each zone. 

 

6. GENERAL STITCHING WITHOUT UTILIZING THE SYMMETRY 
To explain the motivation not to use the inherent symmetry in the problem for the stitching procedure, as it was de-
scribed briefly in the chapter before, we will introduce the evolute [29] of an aspheric surface with the help of the follow-
ing Fig. 12. 

                 
Fig. 12: The aspheric surface (blue) has an evolute (brown). A point E(he,ze) on the evolute is the center point of a sphere, 

that matches the shape of the asphere in tangential direction, creating a 4-fold matching point; the radius of the match-
ing sphere is the tangential radius RT. The tangential radius crosses the z-axis (symmetry axis) in a point z=R0+v. This 
is the center of another sphere that matches the aspheric surface in a parallel of latitude, i.e. in sagittal direction, the ra-
dius is RS. The length-difference |RT-RS| of these radii defines the amount of astigmatism, that this point of the aspheric 
surface has.  

Sagittal radius RS: 
center at z-axis

Tangential radius RT:
center at evolute

Difference 
of RT and 
RS
astigmatic



 
 

 
 

Assume, that we position the aspheric surface before our spherical Fizeau such, that the center of the TS coincides with 
point M in Figure 12; then we see an interferogram as shown on the right hand side. This is the symmetrical case, as we 
are used to already. With a stronger asphere, the zones become very narrow; zooming in the whole interferogram does 
not solve the problem, because the zone would appear larger and larger in diameter, and finally disappear. To overcome 
this problem, one could decide to look at a certain azimuthal region of the zone; this now can be zoomed in to fill the 
complete detector. Practically, this is achieved by using a TS lens with much lower NA, i.e. longer focal length. The 
magnification as defined in (13) is now much larger than before. As a consequence, fringes are now resolved that were 
unresolved before. If now the distance to the surface is changed such, that the center of the reference surface coincides 
with the point E(xe,ze) in Fig. 12, then the appearance of the fringes changes, as now the lateral direction shows nearly no 
fringe density, in the sagittal direction the measurable field is decreased in return. In an axial position somewhere in 
between these extremes, the measured height-map looks like a saddle, and the overall fringe density is minimized. This 
is the condition, which is seen as ideal for stitching.  

Fig. 13 shows as an example 4 interferograms that are typical for stitching and are calculated on a relatively mild asphere 
that easily could be measured with Zygo's VeriFire Asphere machine in the axial symmetrical way. In all 4 interfero-
grams, the position of the center-point of the TS lens relative to the aspheric surface is changed only very slightly, in the 
scale of ∆x=5µm lateral shift between the columns and ∆w=50µm axial between the lines in the below 4x4 matrix, the 
aspheric surface has not changed. As can be seen from the interferograms in the red circles (this is the subsection, which 
the interferometer will see), the height maps are quite different in the scale of the needed uncertainty of nm. But there is 
no way to decide from the measurement result, whether the measured height map has this shape due to the relative orien-
tation of the reference surface, or whether the surface itself contains this component. If we have no precise outer world-
coordinate-system, we can only try to mitigate this problem, but not solve it profoundly.  

 
Fig. 13: The same subaperture of a mild asphere is tested with different positions of the center of the spherical reference sur-

face; this center was shifted between the two columns by 5µm in horizontal direction and the radial distance was 
changed between the upper and lower interferograms by 50 µm.   

A known method applied to this problem is stitching of overlapping measurements, which as will be shown here, is rea-
sonable for spheres but is less than ideal for aspheres. The basic idea behind traditional stitching methods is that, because 
of the high number of measurement points that Fizeau interferometry is able to produce in parallel in a fraction of a 
second, redundant information is produced. In the overlapping areas it is known that the surface is the same even when 
the test part has changed its position and therefore homologous surface points are found in different locations on the 
detector. Let us assume that the knowledge of the world-coordinate system in which the global orientation of the test 
surface relative to the reference surface is traced would be known precisely enough (let us say to 5µm in the three lateral 

 



 
 

 
 

degrees of freedom and with matching precision for the 3 angles) to associate homologous surface point-pairs. Then 
there is still the problem that the test surface and now 2 relative orientations of the reference sphere to the aspheric sur-
face are simultaneously unknown. If we get rid of one set of unknowns by this double measurement, there remains one 
set of unknowns that cannot be separated. In other words: if we would subtract the two measurements, then the unknown 
test surface would drop out and from the remaining difference map we could only see the change in orientation, but not 
decide on the absolute starting values; these have cancelled by the subtraction. Fig. 14 shows such a situation, where the 
test part has been shifted relative to the reference surface to show a new field for the measurement. The height map can 
be measured in the light blue circle in the interferogram left, and in the red circle in the interferogram right. The overlap-
ping region is large in this case (>50%), but it is impossible to get rid of the influence of the degrees of freedom for 
alignment. In the stitching software, these degrees of freedom are introduced and left as free parameters for a final, glob-
al solution of a system with a very large number of equations.   

 
Fig. 14: Stitching two measured height maps together in the overlapping regions; for details see text.  

 

The amount of aspheric departure that can be measured with the stitching approach naturally must find a quite hard limit, 
as two effects amplify each other to restrict the applicability of this method: when the aspheric surface gets steeper, the 
diameter of the subapertures must be reduced to get resolvable fringes and at the same time their number has to be in-
creased quadratic to cover the whole surface with the smaller areas. So the number of degrees of freedom is quadratic 
increased and as a consequence, the error propagation will become more unfavorable. In addition the measurement time 
is increased, which together with drifts in the mechanical structure increases the measurement uncertainty, especially of 
the world coordinate system. There are all the error influences discussed with high dynamic Fizeau interferometry in 
section 4 now in every measurement, like the knowledge of magnification and distortion, retrace errors, and residual 
focus errors. These errors, as never be removed by calibration measurements to 100%, will print through in every mea-
surement to some extent, and as they depend on the measured height map in addition, it will not be possible to remove 
them in a global way at the final calculation to best match all measurements in a least square sense. On the contrary, they 
will be trouble makers till the final result.  

Knowing from own experience, how quickly all equations become complicated and confusing in the general, 3-
dimensional case including part errors, and even the theoretically given designs cannot always be calculated with suffi-
cient precision [48], I have the highest respect for the scientific and engineering work related to this technique 
[34,42,47], but I see the basic approach as not well suited to aspheric surfaces. Stitching of spheres and planes [30] is a 
totally different story: here stitching has great potentials, since the interferometer is always used at its superior conditions 
so the errors in each measurement are smaller by orders of magnitude. Other work includes stitching of large x-ray syn-
chrotron mirrors [31]; here one dimension is much less aspheric than the other. 

An approach to compensating the local aspheric departure would be a variable null compensator placed between the 
aspheric subaperture and the TS lens, in order to compensate part of the aspheric departure as seen by the interferometer 
[56]. The dominating aberration in a subaperture is Astigmatism, next comes Coma. When these aberrations are intro-
duced by the compensator with opposite sign, they are cancelled in the measured wavefront and as a consequence, a 
subaperture with a larger diameter can now be tested, before the fringe density at the subaperture edges becomes too 



 
 

 
 

high. Figs. 15a, b, c, d show a subaperture at h=80mm with a diameter of d=18mm of a steep aspheric surface with a 
diameter of 175mm and 1.387mm departure from the fitting sphere. 

  
Fig. 15a: Steep aspheric surface tested with the center 

of the reference surface located on the symmetry 
axis: zonal test, see Fig. 12. A subaperture with 
18mm diameter is shown. 

Fig. 15b: Same 18mm subaperture, but now the center 
of the reference surface is shifted along the nor-
mal away from the symmetry axis and has a ra-
dius of 0.5(RS+RT). PV = 332µm 

  
Fig. 15c: When astigmatism contained in 15b is com-

pensated, a much lower fringe density results, but 
still fringe density on the edges is very high. PV = 
24.5µm. 

Fig. 15d: When Coma is compensated in addition, a 
low fringe density results. Now a test could be 
performed with relatively low interferometer in-
duced errors. PV = 1.694 µm.   

There are very many possibilities for a subaperture Astigmatism compensator, for instance a bending mirror [56] or a 
pair of cylinders that can be rotated against each other. But as can be seen from the examples, it is required that Astig-
matism as well as Coma can be compensated independently, but at the same time. This is more challenging, but also 
several solutions can be thought of, for instance a symmetrical optical 1:1 relay system of 6 elements as shown in Fig. 
16a. This system produces very strong field dependent astigmatism, i.e. continuously growing amount of Astigmatism 
can be introduced by tilting the system, see Fig. 16b; Coma is introduced in addition by decentering (lateral shift) the two 
symmetrical half-systems with respect to each other.  

Even simpler solutions are shown in Figs. 17a and b as well as Fig. 18a and b. Here two respective three spherical mir-
rors are used under oblique incidence to simultaneously produce Astigmatism and Coma. Parameters for the design of 
these systems are the radii of curvature of the mirrors as well as the incidence angles; a plane wave enters the system. 
The simplicity of this design allows superb calibration of component errors. In Fig. 17b and 18b the remaining errors for 
a 20mm diameter subaperture are given for the same example as shown in Fig. 15 for an 18mm diameter subaperture.  



 
 

 
 

 

Fig. 16a: A proposed continuous compensator for Astigmatism 
and Coma; tilting about the symmetry center increases as-
tigmatism; lateral shifting (decentering) of the first two 
lenses introduces Coma.  

Fig. 16b: 20-times "desensitized" interferogram 
showing the astigmatic wavefront of 
540.95 waves PV for a field angle of 25.94 
degree. 

 
 

Fig. 17a: A two mirror design as Astigmatism and Coma com-
pensator. 

Fig. 17b: Remaining wavefront error for sub-
aperture of 20mm diameter of surface Fig. 
15.  

  
Fig. 18a: A three mirror design as Astigmatism and Coma 

compensator. 
Fig. 18b: Remaining wavefront error for sub-

aperture of 20mm diameter of surf. Fig. 15. 



 
 

 
 

The problem with all these compensators is that their optical effect on the measurement can only be known to a limited 
uncertainty. When this uncertainty is larger than the errors induced by a direct interferometric measurement of the sub-
aperture, nothing is gained. Coming back to our philosophy, that any additional degree of freedom introduced into the 
measurement set-up increases the uncertainty of the final result, the compensators could be seen as "removing" valuable 
information from the measurement as compensating exactly these features of the surface, which were characteristic for 
the aspheric shape in that subaperture, i.e. the amount of Power, Astigmatism and Coma. Taking this standpoint, it is as 
best a "zero-sum-game".  

It will be shown how Zygo's technique reduces the dynamic range in aspheric measurements in-situ to zero, and this 
without the need for any additional element. For this reason Zygo refrained from patenting the optical compensators for 
subaperture measurement, developed in 2003. The real worth of these subaperture compensators is when high and mid-
spatial frequency content of the surface must be measured, the so called "ripple measurement". Here the high number of 
pixels on a small part of the surface is the key to low uncertainty and the form of the surface is not aimed to be measured.   

 

7. OPTICAL NULL COMPENSATION  
As a consequence to the difficulties and restrictions that are associated with High Dynamic Range Fizeau Interferometry, 
researchers have thought about adapting the shape of the wavefront used for interferometric measurement to the shape of 
the aspheric test surface. This can be done either by refractive optics, called null lenses [5,23,27,52], or by diffractive 
optics, called computer generated holograms (CGH) [3,14,19,25,60]; also the combination of both is possible [7,26]. 
These elements are placed in the Fizeau cavity, thus being directly included in the optical path difference.  

It is immediately clear, that in this case the real difficulty is in providing the compensation device and assuring that it is 
made correctly. The assumption is that it is easier to test the corrector than the aspheric surface itself. But this technique 
has another justification: provided that the test set-up including the correction element has been adjusted and qualified, 
then the test on the test part can be a matter of a minute. This is much faster than for instance the scanning or stitching 
approaches. As a consequence, it seems the most appealing problem to think about calibration techniques for such test 
set-ups [12,52].  

The most profound and at the same time easiest to perform approach is to use a master part for a calibration measure-
ment; this part has been measured in an absolute manner before, for instance with the method described in section 9 of 
this paper. In other cases, coordinate measuring machines have been used to measure the master part and fit Zernike 
functions to the residuals found. Even when the spatial resolution is lost in this step, it is assumed, that the error function 
in the null-compensation devices is of low spatial frequency only, so the measurement on the same master part can be 
mathematically corrected by the low-order terms. The mid- and high-spatial frequency errors found in the test with the 
null-devices are supposed to be correct and are left untouched. Again, the real challenge lies in finding the rotationally 
symmetric part of the aspheric deviation [27]. The rotationally varying part can be achieved by techniques of separating 
these parts, the same way, as it is used for spheres and planes. The methods applied for this separation [49,50,51,60] are 
variations of solving the rotational shearing problem, either exact or approximately. Clearly, this complicates the mea-
surement procedure but opens a possibility for absolute calibration of the set-up for this part of the error, using nothing in 
addition than the test part itself and a part holder that can be rotated. This is truly an elegant solution!   

Another approach proposes to qualify the test-set up by using a dual-wave-front computer-generated hologram [9]. In 
such a hologram, a spherical as well as an aspheric wavefront are encoded at the same time. The idea here is that the 
errors found on the reconstructed spherical wavefront, and which can be measured with high accuracy in an absolute 
sense, can be adapted to the aspheric wavefront as well. Justification: both holograms are written on the same device at 
the same time. This would be certainly true when the aspheric wavefront would be identical to the spherical calibration 
wavefront; but as there is necessarily the aspheric departure that differentiates the two, also the errors cannot be identical, 
at least in higher order. Furthermore the spherical wavefront creates additional unwanted diffraction orders, which is an 
unpleasant side effect that must be managed somehow.  

A similar idea is the basis in Ref.[13], where a refractive null corrector is designed such, that it delivers a spherical wave-
front with one wavelength and the wanted aspheric wavefront with another, the test wavelength. In the patent, examples 
of optics designs are given that can produce a perfect spherical as well as parabolic wavefront, when the wavelength is 
switched. As with all refractive nulls compared to CGHs, the nice feature is here, that no unwanted diffraction orders, or 



 
 

 
 

digital moiré artifacts are produced that increase the measurement uncertainty due to coherent noise. But some classical 
compensation arrangements (Offner compensator) place a field lens near an intermediate focus-point and are highly 
sensitive to producing unpleasant ghosts. [52] In the case of astronomical mirrors, after the disaster with the Hubble 
telescope, no one would trust a measurement with a single null corrector. The use of a hologram to check the refractive 
corrector is quite common, but in addition a diamond turned small version of the aspheric test mirror can give additional 
confidence. [52] Questionable in this case is the influence of the difference in the imaging rays. 

Besides the problems of certifying (i.e. measuring) the wavefront encoded in either a null-lens or a CGH, there are a 
number of other problems that have to be mastered: how to assure the correct alignment between all components. In the 
case of a null-lens, it is most common to use a plane wavefront as input. Then the degrees of freedom between the main-
frame and the null-lens are essentially reduced to two tilts. In the case of a hologram that is placed into a spherical cavity, 
we have 5 degrees of freedom between the TS lens and the hologram if it is an in-line hologram that has rotational sym-
metry, or even 6 degrees, if it contains an additional linear carrier-component to facilitate the separation of diffraction 
orders. Between the aspheric test surface and the null-compensator, we have 5 degrees of freedom of alignment, and 
these count even more severe than in the case of the measurements discussed in chapter 4, as now steep aspheres must be 
included in our considerations. Again, without a check of the final result, it is (to my understanding) impossible to get 
reliable results: as the experience has shown, too much can go wrong! The problem is, that errors can stay unrecognized, 
and even the argument "I do this all the time and I can repeat my results very well", does not prevent a bug being some-
where hidden. At least, a critical uncertainty analysis including the components as well as all degrees of freedom in 
alignment of the set-up together with the measured positioning uncertainties is mandatory.  

Other problems associated with null lenses and especially with holograms in the beam-path are their imaging properties 
and conditions. The problems with distortion and defocus have been discussed in chapters 4.2 and 4.4. Now, in the case 
of a null lens, we have to deal generally with a much larger amount of distortion that can be as high as 20%, which 
brings the correction to a super-critical part in the uncertainty budget. Even more difficult is the question, what the con-
sequence is of a non-flat image of the test surface on the flat detector and how the image quality either through the null 
lens or through the CGH will look like (spatial resolution!). These compensation devices fulfill their job by making the 
imaging of the light source free of aberrations (that is the obvious design criteria, when the aspheric test surface is taken 
as one component in the image train from the light source). When placed in front of an existing mainframe, there is no 
degree of freedom left in the optical design to correct this imaging at the same time. In cases, where spatial resolution is 
critical (telescope mirror to find planets, components for lithographic lenses), the poor imaging properties associated 
with the compensators can be a real obstacle. Phase-shifts in the coherent imaging train (imaged is the complex ampli-
tude rather than the intensity) can wash out certain spatial frequencies or reverse the phase, i.e. a valley on the part is 
measured as a hill.  

Taking the many error-sources together, the uncertainty associated with measurements with null-correctors becomes 
large for steep aspheres, i.e. with departures from the best fitting sphere of >1mm, especially when the surface has high 
NA. Below this value and also for lower NA systems null compensators are a good means for measuring aspheres, espe-
cially when a validation with an absolute or quasi-absolute method is possible. The biggest drawback is often the relative 
high cost, complexity of the set-up and lead-time to produce either a refractive or diffractive null.  

The ultimate solution for low measurement uncertainty, stability and ease of use is given by using instead of a TS lens, a 
TA lens  (Transmission Asphere), Ref. [10], that is introduced as the compensation device and the Fizeau-reference at 
the same time into a reconfigurable interferometer set-up which is calibrated by a absolutely measured master surface, 
Ref. [11, 12].  Fig. 15 shows as a study with two examples of TA lens designs for two different concave aspheric surfac-
es; in the first case only spherical surfaces where allowed in the optical corrector design prior to the aspheric Fizeau 
reference and a matching of the wavefront to the aspheric surface with a residual < λ/10 was targeted. This led to a very 
complex design, which would be difficult to be manufactured with the necessary tolerances. In the second case, also one 
of the inner surfaces of the two-lens Fizeau null-compensator was allowed to be aspheric; now the design is no longer a 
problem. Keeping the Fizeau cavity as small as possible and using the patented ring source, 41,54 lowers the tolerances on 
all surfaces of the TA, so that also a commercially competitive result is attained; this is a consequence of the Fizeau. 

Whereas refractive null lenses often become very complicated due to the requirement to correct the wavefront to a very 
small residual which requires a high number of lens elements, which in return lead to non-realistic tolerances, it is an 
interesting idea to restrict the compensator to a single, spherical lens. This one lens cannot do the job, but it can reduce 
the aspheric departure to become measurable, using high dynamic range interferometry. Assume that another absolute 
measurement device is available, that is able to measure the actual aspheric shape of the wavefront that is provided by 
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change the result), but gives a good starting point that can be complemented by more theoretically based additions to the 
uncertainty budget.  

From a practical point of view, current CMM that are in the range of accuracy needed for optical surfaces are more ex-
pensive than interferometric solutions, have higher uncertainties and much longer measurement times. In addition, the 
number of measured points is much lower, so that the spatial resolution is not comparable and some features, for instance 
on molded surfaces may remain undetected. Also, the test parts can be destroyed by the touching probe and there is a 
considerable cost factor for new probes, since they tend to have only a short lifetime.  

 

 
Fig. 20: A CMM measures a number of points that are located on a surface parallel to the measured surface; only a plurality 

of measured points allows establishing a mathematical model to predict the touch-point.  

On the pro side are their high flexibility for different diameters and shapes, including non-symmetrical aspheres. Also, 
no long preparation is needed and no special tools adapted to the test part like null compensators are needed, so the work 
can be started immediately.  

These machines are a good possibility to verify the result achieved by an optical method due to the independent mea-
surement principle. As a standalone solution for production test, one has to accept the slow throughput, tool-wear and 
low number of measured points as well as reduced precision (higher noise) compared to interferometry. 

 

9. SCANNING IN A FIZEAU CAVITY WITH RELATIVE PHASE-MEASUREMENTS 
BETWEEN ZONE AND VERTEX 

9.1 The basic idea 

As we have seen, the challenges to measure aspheres interferometrically result from the high dynamic range inherent in 
the measurement problem. A conventional Fizeau interferometer has a limited dynamic range because of the uncertainty 
with non-common ray-paths in the presence of large slopes.  So the goal is to extend the dynamic range of interferome-
tric surface metrology to accommodate strongly-aspheric surfaces while maintaining low uncertainty without the need 
for any null-compensators. 

Our method for asphere metrology [37,38,39,40,41] divides the complete measurement into many (6 to 200, depending 
on the asphere) sub-measurements of concentric zones, as described in section 5, but we restrict ourselves to gather mea-
surement points only around the center of each zone, where retrace errors are negligible and slope is beyond a predefined 
value. In addition to the absolute distance of every zone from the center point of the spherical reference surface, we 
measure the absolute distance also to the apex of the part, so we know the distances RS and RV shown in Fig. 21. Because 
we measure as many quantities as there are unknowns in the problem, every measurement creates an independent result 
from the other. Stitching of overlapping subapertures is not required to get the surface shape: the ensemble of all results 
represents directly the surface-deviation in normal direction, greatly improving measurement accuracy when compared 
to traditional stitching methods. Results are derived directly in the part coordinate system, (h,z). Investigating the tilt in 
overlapping regions of two zones allows to overcome straightness errors of the scan.  

In Fig. 10 we have seen, that an aspheric surface can be understood as the envelope of a family of spheres with different 
radii. The thick blue lines, arranged along the h-axis with a constant increase ∆h, have a height z(h) and define by that 
points on the asphere. On the other hand, we have normals to the aspheric surface with length RS, that have intersections 



 
 

 
 

with the symmetry axis (z-axis) in a distance Rv from the apex of the asphere, the shortest distance being R0. If we draw 
the red circles, then the envelope is the aspheric surface. So the presentation of the asphere either by z=z(h) or by 
Rs=Rs(Rv) should in principle be equivalent. We have two variables in both cases, h,z and Rv,Rs and we have a recipe, 
how to construct the asphere in both cases. The problem is, that the envelope is defined by a continuous change of the 
parameter RV and the resulting value Rs=Rs(Rv), but that for one fixed position, as shown in Fig. 21, the angle α of the 
normal has to be known in addition to compute the Cartesian coordinates h,z of point Q: 
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Now the question is how to get α. Here we must have two solutions: if we have measured (RS,RV), then we also have to 
measure α  or derive it from the measured values (RS,RV) in order to be complete and can calculate (h,z) according to 
(17a), if we want to compute (RS,RV) for a given point (h,z), using the design equation (2), then we have to compute α  
also from the design equation.  
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Fig. 21: left: the basic relations between the sagittal radius RS, the distance RV of the center point C from the vertex and the 

Cartesian coordinates h,z. Right hand side: The quantities RS and RV are derived from the measurements of the cavity 
thickness dzone and dApex_n and the known radius R2 of the Fizeau surface.  

The principle of the measurement of α is shown in the left hand side of Fig. 22. Similar as the differential quotient dz/dh 
gives a trigonometric function containing α, here the tangents, in the case of the measurement against a sphere we get α 
from the differential coefficient dRS/dRV, but this time the cosine. At a first glance this seems to be a weakness, especial-
ly for small values of α, but in practice this is not the case: when α is small, the asphere is close to its center sphere, and 
therefore the zones are very wide, so RS does change only very slowly with α. In Fig. 22 left, ΔRS is the change of the 
measured phase at a fixed pixel location around the zone, ΔRV is the change of the phase at the apex; therefore α is 
measured for a fixed pixel. By this also the magnification M as defined in eq. (13) is found. Practically, there are more 
possibilities to derive α from the measurement, using the complete scan that is performed to get the surface; for details 
see e.g. Ref. [13]. 

As every measurement means comparison, we have only reached our destination when we have made the comparison 
between the surface as it is and the design shape of the surface, i.e. we have to generate the deviation. Depending on the 
customer's preference, we can report the deviation in z-direction or in normal direction to the surface. The latter possibil-
ity seems more logical to us, as also the fabrication process works normal to the surface, at least in grinding or polishing. 
The deviation is measured always in normal direction to the design surface, it is the deviation Δn, see Fig. 22 right. The 
computation of this deviation is not totally trivial: given measured values RS_measured, RV and α, we now calculate coordi-
nates h and z(h) of point Qd(h,z) on the design surface; this gives RS_design. Finally, the deviation in normal direction is: 



 
 

 
 

∆݊ሺ݄, ሻߠ ൌ ܴௌ೘೐ೌೞೠೝ೐೏
ሺ݄, ሻߠ െ ܴௌ೏೐ೞ೔೒೙ሺ݄ሻ          (18) 

The small difficulty is to compute h of the point Qd(h,z), as eq. (17a) delivers  h of the measured point Qm. But we can 
use an iterative solution with the following set of equations:  
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          (19b) 

 

            
Fig. 22. Left: the aperture angle at the zone is derived from the phase-differences of two measurements, where the test sur-

face is moved by ∆RV; please notice that α is constant if the same pixel is observed. Right: the surface departure from 
design is measured in normal direction; see text.  

 

 
Fig. 23: Schematic sketch of the complete machine, including TS lens and mainframe. A part manipulator stage is shown 

that performs the scan after alignment of the optical axis of the asphere to the scan-direction. The purpose of the dis-
placement interferometers will be explained in 9.2. 

This is the basic principle, how by simultaneously measuring the cavity distances dzone and dapex the departure Δn(h,θ) can 
be computed finally with very high precision and free of all the error sources discussed before, as retrace errors, errors 
induced by defocus or errors due to distortion. As the results are all based on nothing but relative lengths measurements 
on two different locations on two solid bodies, it is clear that the process is very insensitive to outer disturbances, like 
drift. If for instance the z-position of the part is changed by drift, this does not harm, since it is measured. Also, the 
measured cavity thicknesses at the apex, dapex and at the zone, dzone stem from the same phase-measurement on the same 
detector, i.e. they are exactly simultaneous. But the most remarkable fact is that we get the result directly in the object 



 
 

 
 

coordinates of the part. This is a unique feature that is unparalleled in all other techniques and new in interferometry 
altogether. So the difficult problem of registration between detector coordinate system and part coordinate system is 
avoided, and it would even be possible to change the magnification between different zones. Distortion has no effect on 
the precision of the measurement result, so a calibration is not needed. And I hope that it was made clear, that the results 
on the zones are independent, so stitching is not needed to bring them together. When due to practical reasons of mea-
surement speed wider zones are used for the data evaluation (area around the point Q), then results from overlapping 
areas can simply be averaged, using appropriate weights considering the increasing uncertainty with increasing slope.  

 

9.2 Refinements 

So far we have described the principle, which, due to the rotational symmetry of the aspheres, can be discussed as a two-
dimensional problem. As the third dimension we use the azimuthal angle θ, and so far there was no need to deal with θ, 
as nothing depended on this variable. In real world, this is quite different! Now we have to cope with problems like devi-
ation of the measured surface from the design by amounts as large as several µm, astigmatism in the surface, non-ideal 
mechanical behavior of the scanning device, special aspheric shapes that are difficult to measure, for instance multiple 
zones, and more. I will describe now briefly only a few of the additional problems that arose in the 3D case and had to be 
solved.  

The scan distance is given by the change of the quantity RV for 0 ൑ ݄ ൑ ݄௠௔௫. For h=0 it is RV=R0, i.e. we always start 
the scan at the home position, where the center point of the Fizeau reference surface coincides with the center of the apex 
sphere. For some calculations, it is more convenient to work directly with the scan movement v=RV–R0, than with RV, 
and similar with the height difference between apex and zone on the aspheric surface, which we call p=RV–RS. We see 
that our most valuable measurand is p, as this is the characteristic of the asphere, but also v is important, as the indepen-
dent variable. Using p,v, as well as p'=dp/dv as the set of 3 variables, we can reformulate the equations (17):    
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In these coordinates, the arrangement can be shown as in Fig. 24, which also shows the point E(he,ze) on the evolute of 
the asphere. The coordinates he, ze as well as the radius Re of the evolute are readily computed using eq. (2): 
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Values Re  are needed to predict the width η of the zone given a certain values for the astigmatic deviation ∆, and to 
decide on well suited values v1 and v2 for an initial alignment of the aspheric surface parallel to the scan direction. As we 
have 4 degrees of freedom for alignment, lateral shifts ∆x, ∆y as well as rotations rx and ry (tip and tilt) around the axis, 
we need 2 measurements of the x-tilt and y-tilt components in two different zones (at different values h1 and h2) to solve 
the alignment problem. The selection of the zones depends on the location of the evolute points E1 and E2. Our software 
selects the best suited values and performs an auto-alignment. 

After auto-alignment, the measurement starts by moving the apex of the surface to cat's eye position, where the center M 
of the reference surface (see Fig. 24) coincides with the vertex SA of the aspheric surface. From this point on, the stage 
travels the commanded distance R0 back to the home position; here the distance measuring interferometers are set to 
zero. Then the scan starts in m-predefined steps according to a test plan, that the software has automatically generated 
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9.3 Measurement of intrinsic Coma  

There is another interesting aspect in the realization of the principle: this has to do with the degrees of freedom and their 
consequences for the final measurement result of this measurement principle. As we have discussed, degrees of freedom 
in adjustment make us blind for the response functions they create. Now, in our measurement we have to shift the test 
part such, that the straight symmetry axis of the aspheric surface to be tested coincides in every scan position with the 
center point of the reference surface, see the cartoons in Fig. 26 left and center. If our shift was perfect, then all the zones 
will show no tilt fringes; if we see tilt fringes, they must be the consequence of a non-perfect shift. So, if we make the 
assumption of an a priori straight rotation axis of the aspheric surface, then our life is easy: we could either correct tip/tilt 
of the stage at every scan position, thus bringing the symmetry axis back to the center point in space, or, even simpler, 
subtract the tilt terms by software with exactly the same effect. Doing either the first or second approach is very well 
justified, since most aspheric surfaces really possess an almost perfectly straight symmetry axis, for instance when they 
are produced by diamond turning. But it is still bothering, that we would not measure correctly the surface, if its symme-
try axis was not straight. As we did not want to bother ourselves nor our customers, we thought about solutions. There 
are several, and we will explain them briefly.  

First we have to clarify, what a non-straight symmetry axis of the part means for the surface-departure in normal direc-
tion to the surface. Let us assume a zone with a diameter 2h and sagittal radius RS=R0+v–p, see Fig. 26 right and Fig. 24. 
Then a lateral deviation ∆h of the symmetry axis (shown in the plane of the drawing, but might be at an angle θ) causes 
the measured cavity thickness change by cp at one side and –cp on the opposite side. Thus the equivalent error in normal 
direction is: 

ܿ௣ሺ݄ሻ ൌ ∆݄ · sin ߙ ൌ ∆݄ሺݒሻ ௛
ோబା௩ି௣

        (24) 

In eq. (23) v and p depend on h and can be taken from the design surface. In the three dimensional case, introducing the 
azimuthal coordinate θ, we have ∆h(v,θ) and therefore cp(h,θ) and can formulate: 
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C(h,θ) is the intrinsic Coma that a surface might contain. The amplitude and azimuthal location are given by: 

݀ሺ݄ሻ ൌ ඥܽሺ݄ሻଶ ൅ ܾሺ݄ሻଶ         (27a) 

଴ߠ ൌ tanିଵሺܽሺ݄ሻ, ܾሺ݄ሻሻ        (27b) 

Note that due to the Fourier integral (26) the coefficients a and b defining intrinsic Coma are derived as an average tilt; 
these values are smaller than a local bump or hill that the surface on a concentric circle might have. Note further, that 
Coma is an odd-function: rotating the function by 180 degrees changes the sign. In addition, the function is of low spatial 
frequency with respect to θ. The spatial frequency-content in the functions a(h) and b(h) is scaled with the slowly vary-
ing numerical aperture sin -but depends mainly on the spatial frequency in ∆݄, and this will largely depend on the pro ߙ
duction procedure. If this is polishing, the tool size will play an important role. But it can be assumed, that a(h) and b(h) 
should be small quantities. From this derivation of intrinsic Coma it is also clear, that its effect on the measurement is the 
same as a non-straight scan axis or a tilt of the part during scan.  

The easiest solution from the standpoint of the software would be to make the mechanical scan-device better than the 
uncertainty that should be reported for the intrinsic coma. But this would lead to a very expensive mechanical device; the 
relationship between for instance the lateral shift ∆h of the measured part (looking for a moment only at the straightness 
of the scan device) and the induced tilt on the surface is shown in the Fig. 26, right. The measured value cp as a function 
of Δh, as given by (24) shows, that ∆h and cp have similar magnitude, so to keep cp small, the straightness device should 
have optical quality, i.e. deviations of nm rather that µm. For a commercially viable product, the cost would be too high. 

The second consideration is if we could not afford a mechanical guidance that is straight enough, could we make one that 
is repeatable to the desired accuracy? If this would be the case, then we could do two measurements and rotate the part in 
between by 180 degrees. When the result of the second measurement is rotated back by software, and both results aver-
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Finally, we were able to find a solution that is purely by software: the key is, that the measured zones have a finite width, 
and that we make measurements where two adjacent zones have an overlap of 1/2 the width of every zone. In this com-
mon region, the part has the same intrinsic Coma: if we see a change, this must be due to the stage. As the coefficients 
a(h) and b(h) are computed with extremely good precision, this procedure is very stable and gives repeatable results.  

 
9.4 Measurement results and correlation study 

The technique has been used for the development of a commercial measurement machine, the Zygo VeriFire Asphere, 
Ref. [40,41] , as shown in Fig. 29. 
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Fig. 29: Zygo VeriFire Asphere 

Goals for the development were ease of use (automated alignment) and fast measurement time, as well as flexibility. The 
set-up measures a wide range of aspheric surfaces in about 5 min measurement time including alignment [41]. To verify 
our theoretical considerations and error budget by experiment, we performed a correlation study, Ref. [61], using a di-
amond turned parabolic artifact as the test part that could be measured on the VeriFire Asphere system as well as in a 
null-configuration, where a plane wavefront is transformed into a spherical wavefront converging to the focus point. Fig. 
30 shows symbolically the rays in both set-ups. Fig. 31 shows results for both, the measurement taken by the VeriFire 
Asphere as well as by the conventional set-up with a spherical auto-collimation mirror.  

 
Fig. 30: Two measurements taken on the parabolic artifact. Blue: conventional null-test with a reference sphere RS as auto 

collimation mirror and a transmission flat TF as reference. Red: one scan position with zone (= normal incidence) at the 
edge of the parabola; reference is a transmission sphere TS.  
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9.5 Summary 

The paper starts with basic considerations of the dynamic range inherent in the task to measure steep aspheric surfaces. 
Then different methods to deal with this high dynamic range are discussed briefly together with their dominant error 
sources. These are direct interferometric measurements in a Fizeau set-up, zonal stitching techniques as well as general 
stitching techniques with and without partial optical compensation. Next we discuss compensation techniques using 
either null lenses or holograms and emphasize the need for verification and calibration of these devices. Finally mea-
surements using a coordinate measuring machine and a mechanical probe are discussed briefly. Then we present our 
VeriFire Asphere technique in more detail.  

In the VeriFire Asphere System multiple measurements are performed to reduce the dynamic range of the problem, but 
this time it can be reduced to zero. The problems usually associated with multiple measurements, i.e. dealing with differ-
ent coordinate systems, are avoided, since the partial results are all collected in one and the same coordinate system, and 
this is the coordinate system of the part under test, not the interferometer (detector) coordinate system. Therefore also the 
error source of magnification and distortion (mapping errors) is removed by principle. The other problem discussed was 
that of degrees of freedom due to multiple part positions; in this method where we measure distances of the surface 
against the center point of the spherical reference surface which is fixed in space, there are 3 degrees of freedom in every 
scan position. The z-position is measured interferometrically, leaving only x,y as degrees of freedom; these can be de-
rived from the measured global tip/tilt component in every zone. For the essential quantity, i.e. the aspheric profile, only 
the piston term is needed, not tip/tilt, so the latter terms are only important for the rotational varying component of the 
aspheric surface. Even without measuring the straightness (and angular variations) of the scan, these tip/tilt components 
can be derived when we use tip/tilt information from overlapping regions. This way, even intrinsic Coma of the surface 
can be reported. In addition, the measurement delivers the base radius R0 of the aspheric surface. As the instrument can 
measure aspheres with departures from sphere of up to 1mm and departures from design up to 10µm, is very fast (≈ five 
minutes), is as precise as we expect from Fizeau interferometry with nulled fringes, is absolute if we use a beforehand 
absolutely calibrated reference surface, and does not need any tool like null-corrector that is expensive and needs lead 
time, it is ideally suited for measurement in production. Unparalleled high dynamic range, low measurement uncertainty 
and large number of measured points have helped customers to identity features in their aspheres that have been over-
looked with other methods and clearly uncovered problems associated with their production method. Their satisfaction is 
the real gratification for hard work! 

But the potential of this method goes beyond what is realized today, and it is especially valuable for the absolute mea-
surement of calibration masters used in another set-up with partial or null-compensation to correct the result, or is used 
directly to measure the aspheric shape of a wavefront delivered by a corrector. In the latter case, the role of the spherical 
reference surface and the aspheric part, that is scanned, are reversed: now an absolutely calibrated spherical mirror is 
used for the scan.  
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